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We study Darboux transformations for the two boson (TB) hierarchy both in the scalar as well 
as in the matrix descriptions of the linear equation. While Darboux transformations have been 
extensively studied for integrable models based on SL{2, R) within the AKNS framework, this model 
is based on SL{2, R) (g) U{1). The connection between the scalar and the matrix descriptions in this 
case implies that the generic Darboux matrix for the TB hierarchy has a different structure from 
that in the models based on SL{2, R) studied thus far. The conventional Darboux transformation 
is shown to be quite restricted in this model. We construct a modified Darboux transformation 
which has a much richer structure and which also allows for multi-soliton solutions to be written 
in terms of Wronskians. Using the modified Darboux transformations, we explicitly construct one 
soliton/kink solutions for the model. 

PACS numbers: 02.30.Ik, 05.45.Yv, ll.lO.-z 



I. INTRODUCTION 



During the past four decades there has been a lot of interest in the study of different classical and quantum integrable 

models from various points of view, for example, the Lax description, zero-curvature condition, the bi-Hamiltonian 

structures, multi-soliton solutions, conserved quantities etc. [llHl- Most of the familiar 1-1-1 dimensional integrable 

systems can be described (in the matrix form) by the AKNS formalism, namely, a zero-curvature description for them 

is based on the symmetry group SL{2,R). The multi-soliton solutions for such systems correspondingly have been 

constructed (among other methods) by the conventional Darboux transformations [3|,y| (in the scalar description) or in 

the matrix formalism (zero-curvature method) by Darboux transformations based on the symmetry group SL{2, i?)[5|- 

The Two Boson (TB) hierarchy is an integrable system which in many ways is quite different from the other familiar 

^^ [ integrable systems and has been studied extensively during the last two decades i6|]-[ll,]. For example, the scalar Lax 

r^ • description of this model involves a nonstandard equation &] and this system is known to be tri-Hamiltonian. In fact, 

• ' the Hamiltonian structures of the bosonic as well as the supersymmetric TB hierarchy have been studied in 6, 7] and 

>;-». . the bilinear and the trilinear forms of the hierarchy have been used in §-[10] to construct the multi-soliton solutions 

(<— ^ ' of this system. Furthermore, the zero-curvature formulation of this sytem (leading to the tri-Hamiltonian structure) 

does not fall within the conventional AKNS hierarchy based on SL{2, R), rather it is based on the symmetry algebra 

SL{2, R) ig5 C/(l) [ll[. As a result, one expects the Darboux transformation for this system to have new features and 

in this letter we show that this expectation is indeed true. In particular, we show that the conventional Darboux 

transformation in this case is quite restricted while a modified Darboux transformation leads to a much richer structure 

Vj '_ for solutions. Furthermore, the relation between the scalar and the matrix descriptions of the linear equations in this 

case leads to a Darboux matrix which is generically quite distinct from that studied so far within the context of 

the AKNS formalism. In section II, we recapitulate briefly various properties of interest of the TB hierarchy. In 

section III, we construct the conventional iV-fold Darboux transformation (both for the scalar Lax equation and the 

zero-curvature condition) and express the multi-soliton solutions for this system in terms of Wronskians. In section 

IV, we introduce a modified A^-fold Darboux transformation which has a much richer structure which also allows 

the multi-soliton solutions to be written in terms of the corresponding Wronskians. In the last section, we derive 

explicitly the one soliton/kink solutions of the TB hierarchy using the modified Darboux transformation. 
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II. RECAPITULATION OF THE TB HIERARCHY 

The TB equation is a set of two 1 + 1 dimensional equations given by 

Jot = (2Ji + ^^0 ^ '^o^Jx ' 

Ju = (2 Jo Ji + Ji,), , (1) 

where Jq, Ji represent the dynamical variables (depending on t and x) of the system and the subscripts t and x 
represent partial derivatives with respect to these variables. The TB system ([1]) can be described as a nonstandard 
scalar Lax equation of the form 

where the Lax operators L and M are given by 

L = d-.h + d-^Ji, M={L^)^^ = -d'' + 2Jod. (3) 

Here d = -^ and d^^ denotes the formal integration operation. The Lax operators L and M lead to the linear 
equations 

L^P = AV-, ^t = M^p, (4) 

where A is the constant spectral parameter and ijj = ip {x, t; A) is a scalar wave function. Equation Q generates the 
TB hierarchy of equations. 

The linear equations (|3]) have the explicit forms 

^. = ( Jo + A) V^ - a-i ( Ji^) , Vt = (^o-A)V, + (Ji- Jo.)^, (5) 

where the second equation has been simplified using the first and the compatibility condition (i.e. ipxt = "(ptx) of the 
linear system ([5]) is equivalent to the Lax equation 1^ and leads to the TB system ([IJ. For future use, we note that 
we can avoid the nonlocality in the first equation in ([5]) by operating with a derivative and, therefore, the pair of 
linear equations can equivalently be written as 

Ipxx ^ iJo + >^)iPx + {Jqx - Jl)^^, Ipt^ {Jo- >^)'ipx + {Jl - Jox)'ip- (6) 

It can be checked that the compatibility condition for ([5]) (i.e. ipxxt = i'txx) leads to the TB system of equations ([T|). 
The TB hierarchy of equations ([S]) can also be ex pre ssed as a zero-curvature condition in terms of Lie algebra valued 
gauge fields Aq and Ai based on SL{2,R) ®U{1) [ll|, 

[dx - Ai,a, - Ao] = dtA^ - dxAa - [Ao, Ai] - 0, (7) 

where 

^^ (- '^ ^) - ( ''X '"»')• ^°'"=' '^ '' = ( 1^. + ^i- a/ ' ://" ) ■ <>*> 

The zero-curvature condition ([7]) can be understood as the compatibility condition for the linear (matrix) equations 

a^*(x,t;A) =.Ai(a;,t;A)*(a;,t;A), 9t^(a;,i; A) = Ao(x,i; A)*(x,i; A), (9) 

where ^(x, t] A) denotes a SL{2, R) ® f/(l) Lie algebra valued matrix wave function. The connection between scalar 
linear equations (of the form ([5])) and matrix equations (of the form ©) can be traced to the work of Drinfeld and 
Sokolov 'l a [l3| . We note here for future use that the linear equations ([6]) can be related to the matrix equations 
(foUowingllMl) 

dx-^{x, t- A) = Bi{x, t; X)^{x, t; A), dt'^ix, t; A) = Bo{x, t; X)^{x, t; A), (10) 

where the SL{2, R) U{1) valued gauge fields Bq, Bi have the forms 

i?i(x, t;X)^( ^° + ^ -^"^ ;:^'), Bo{x, t;\)^( "^" V^ 7 ^' ^^ " ^''^ ^^^ T ^H "^ ^^' " '^°''^- ) . (11) 
\ 1 '^ / \ -Jo ^ '^ 'h ~ -Jox J 

The compatibility condition of the matrix linear system (|10p corresponds to the zero-curvature condition 

[dx -Bi.dt- Bo] = dtBi - dxBo - [Bo, Bi] = 0. (12) 



III. CONVENTIONAL DARBOUX TRANSFORMATION 

In this section, we study systematically the properties of the conventional Darboux transformations for the scalar 
wave function as well as the matrix wave function ^ of the linear systems © and © (or equivalently ([TU])) associated 
with the TB hierarchy. 

Let us recall that Darboux transformation allows one to construct a new solution of a Sturm-Liouville problem 
from a known solution. Alternatively, it can be used to obtain the solution of a Sturm-Liouville system from another 
(Sturm-Liouville) system. Conventionally, the Darboux transformation is defined as a transformation of the (scalar) 
wave function ip{x, t; A) of the Sturm-Liouville system of the form 

ip{x, t; A) I — > tp'{x, t; A, Ai) = -ip^ - cti^, (13) 

where 

a, = — , (14) 

and 01 is a solution of the original system for A = Ai. The new solution ip'{x, t; A, Ai) clearly satisfies the condition 

V''(a:,t;A,Ai)|A=Ai =0. (15) 

Requirement of covariance of the linear equation under the Darboux transformation (|13p then determines the trans- 
formations of the potentials (other variables) in the problem. While it is not obvious in the form (I13p . Darboux 
transformation can be thought of as a very special gauge transformation which becomes manifest only in the context 
of the matrix description of a linear equation. 

The conventional Darboux transformation p^ has been generalized to the AKNS family of integrable models 
(based on SL(2, H)) and is one of the well-known methods of obtaining multi-soliton solutions for such systems (see, 
for example, [3|-[5|). Let us now apply the conventional Darboux transformation (|13|) to the linear equations ([6|). 
Requirement of covariance of the linear equation ^ under (|13p leads to the fact that 0'(a;, t; A, Ai) satisfies the linear 
equations 

^'xx = (Jo + ^) i^'x + (Jox - Ji) ^' , ^'t ^ (Jq ~ ^) i^'x + {J'l - Jqx) ^\ (16) 

which in turn determines the transformations of the potentials (under the Darboux transformation) to be 

Jo = Jo, J( - Jl - Jox + 2ffi, ^ Jl - Jo. + 2d^ In 01 . (17) 

It can be checked that the transformed variables in ([T7| do satisfy the TB equation (see ([TJ) 

Jot = (2Jl + ( Jq) - Jox)x ' "^'it ^ (2Jo Jl + Jlx)x ' (18) 

which also arises from the compatibility of (fT6|) . This shows that with some starting (seed) solution (Jq, Ji) of 
the two boson equation, one can construct new solutions (Jg, J() through the Darboux transformation. However, 
it is interesting to note from (J17p that under the conventional Darboux transformation (J13p the dynamical variable 
Jq remains invariant so that the conventional Darboux transformation in this case is quite restrictive. Therefore, to 
summarize, we note that if the set (0, Jq, Ji) defines a solution of the linear equations ([6|), then the set (0[1], Jo[l], Ji[l]) 
defined by 

- ^(^^'^) (19) 

' 01 ' ^ ' 

(20) 
Ji-Jo. + 252lni/;i, (21) 

is the required one-fold Darboux transformation of the set under which ^ is covariant. Here 



^[1] 


= v/^ 


-Vx , -0 


Jo[l] 


= Jo, 




Jl[l] 


= Jl 


- Jqx + 2aix 



01 i> 

901 l90 



m^l,0) 

is the usual Wronskian determinant of the two solutions. 



'ipii'x - ipix'ip, (22) 



The two-fold Darboux transformation is constructed in two steps. First, with a solution tpi of the linear system ^ 
for the eigenvalue Ai we construct the set (^'[1], Jo[l]j "^lil]) as discussed in ([TO|) -(PT |) . Then, with a solution V-'2[l] of 
([T6| for eigenvalue A2, the two- fold Darboux transformation on the set {ip, Jq, Ji) is determined to be 



^2[1] 



W^(V'1>2) 



Jo [2] = Jo[l] = Jo, 

Ji[2] = Ji[l]-Jo,[l]+2a2lnV;2[l] = Ji-2Jo + 292lnT4^(^i,V'2), 



(23) 



where 



w^(Vi,V'2,V') 



ipi V2 V' 
d-ipi 9-02 SV' 
9^Vi 9^02 ^^V' 



(24) 



and W{ipi,'(lj2) is defined in ([2^. This procedure can be iterated N times leading to the A^-fold Darboux transformation 
on the set (jp, Jq, Ji) in the form 



i^[N] 



W{lpi,1p2,-.-,1pN,'ip) 



w{tpi,iJ2,---,i^N) 
MN] = Jo, 
.h[N] = .h-NJo^ + 2dHnW{'4>i,^2,-.-,4'N), 



(25) 



where 



W{i;i,tp2,---,-ipN,-ip) 



tpi 
9Vi 



1p2 
9^2 



d Tpi d 'ip2 



5^Vl 9^'/'2 



IpN V' 



d^i^N d^ip 



(26) 



It is worth noting here that under a conventional Darboux transformation ([T^ one of the dynamical variables, Ji, 
transforms while the second dynamical variable, Jq, remains invariant. If we set Jq = and Ji = u, the TB hierarchy 
([6]) is known to reduce to the KdV hierarchy and in this case the iV-fold Darboux transformation p5|) of the dynamical 
variable Ji indeed reduces to the A^-fold Darboux transformation of the KdV variable u. 

The Darboux transformations for the matrix solution ^ of the linear system ([9]) or (jlOp are given in terms of a 2 x 2 
matrix D{x, t; A, Ai), called the Darboux matrix. For a general discussion on Darboux matrix approach see e.g. Q. 
However, since we have already determined the (conventional) Darboux transformation for the scalar linear equation 
^ (see p^ - (PT|) ). the Darboux matrix can be simply constructed following the connection between the scalar and 
the matrix descriptions for this system [l3| and this brings out some new features. For example, if we consider the 
linear matrix equation (|9]), the one- fold Darboux transformation of the matrix wave function has the form 



*'(a;,i;A,Ai) = D{x,t; X,Xi)^{x,t; X), 



(27) 



and the Darboux matrix has the form 



D{x,t] A, Ai 



Jo + A - (Ti 
-Jox + Jl + CTia; 



-1 

-CTl 



(28) 



where cti is defined in (ITil) . Furthermore, using ([SJ and ([S]), we note that the Darboux transformation (P7)) for the 
wave function can be equivalently written as (which is simpler for calculations) 



*'(a;, t; A, Ai) = D{x, t; A, Ai)1'(j:, t; X) ^ {d - M{x, t; Ai)) *(a;, t- A), 



(29) 



where the matrix M{x,t;Xi) is given by (here one uses the equation satisfied by cti to simplify the matrix into the 
following form) 



M{x,t;Xi) = 



<y\ 







erf - (Jo + Al)(Tl + Jl CTl 



(30) 



It is worth pointing out here that the Darboux matrix in the AKNS framework (based on SL{2, R)) has the generic 
form 

D = XI- M, (31) 

where 1 denotes the 2x2 identity matrix. However, it can be checked that a Darboux matrix such as in (PT|) does 
not work in the case of the TB hierarchy (and, in fact, can be simply understood from the connection between the 
scalar and the matrix descriptions). On the other hand, the Darboux matrix for the TB hierarchy has the generic 
form as given in (1291) . 

The requirement of covariance of (jH]), requires that the transformed matrix wave function vE''(a;, i; A, Ai) satisfies 

_.^;*', _.Ai*', (32) 

where the transformation of the gauge potentials (fields) A[ and Aq are given by 

A[^ DAiD-^ + D^D~'^, A'^^DAqD-^ +DtD^^. (33) 

The zero-curvature condition ([7|) is covariant under a gauge transformation so that the transformed potentials {A'^^ A'q) 
lead to a vanishing field strength (curvature). Under the Darboux transformation ([29l) and (pS)) . the set {'^ ,Ai,Aq) 
maps into {^' ,A'^,A'^). 

Similarly, the matrix Darboux transformation for the linear matrix equation (jlOp can be written in the generic form 
(HH) with 

M(x, t-\,)=( ""^ -"' + (-^o + ^ijl^i + (-^o- -^'^y (34) 

with the gauge fields {Bi,Bo) transforming as 

B[ = DBiD-^ + D^D-\ B'o = DBqD-^ +DtD-^. (35) 

In either case, it is easy to determine that ([33]) or ([35]) lead to 

4 - Jo , J{ = Ji - Jo. + 2ai, = Ji - Jox + 2d'' In Vi , (36) 

which coincides with (J17p . The matrix Darboux transformation can also be iterated N times to obtain expressions 
for the A^-fold Darboux transformation on the sets {^,Ai,Ao) and (^,i3i,i?o) which lead to the same results as in 
the scalar case. 

IV. MODIFIED DARBOUX TRANSFORMATION 

As we have seen in the last section, the conventional Darboux transformation, in the case of the TB hierarchy, 
generates new solutions starting with known ones (see (TTOll - dSlI) '). However, it seems to be quite restricted in the 
sense that the variable Jq does not seem to transform at all under such a transformation. In this section we present 
a modified Darboux transformation of the linear system (jH]) such that the requirement of covariance of the linear 
system ^ allows one to create new solutions of the TB system Q which are more general (namely, it allows for Jq 
to transform). 

Let us consider the transformation of the linear system ^ defined by 

ip{x, t; A) I — > ^/{x, i; A, Ai) = V - erf Va;- (37) 

The new solution ■(/''(x, t; A, Ai) vanishes at A = Ai, namely, ^'(cc, t; A, Ai)|a=Ai = as in the conventional Darboux 
transformation in (J15p . In fact, we note that the modified Darboux transformation p7p is related to the conventional 
Darboux transformation (|13p through a (space-time dependent) factor (—erf ), namely, 

^modified ~ ~'^1 rconvontional- (3°) 

However, this is sufficient to modify the character of the transformations for the potentials. 
Requiring the transformed function ^}^' {x, t; A, Ai) to satisfy the linear system (covariance) 

V'L = (Jo + A)V^ + (Jo.-^0^', Vt = (Jo-A)^; + (J(-4JV'', (39) 



determines the transformations of Jq, Ji under the modified Darboux transformation to be 

J^ = Jo-— , (40) 

J[ ^ Ji- Jox + cri^- (41) 

It is interesting to note that, unlike the case of the conventional Darboux transformation (see (|19I) - (PT|) ). here both 
Jo and Ji transform under the action of the modified Darboux transformation p7p and, therefore, it has a richer 
structure. These new potentials satisfy the evolution equation (which follows from the compatibility of (1391) ) 



^ = (2J{ + (4)2-jg^, J(, = (24 J( + JL)^ , (42) 

which is the TB equation ([l} in the new variables. Namely, ( Jq, J[) can be thought of as new solutions of the TB 
equation starting from known ones (Jq, Ji). 

In other words we can say that if the set {ip,Jo,Ji) represents a solution of the linear system ([S]), then the set 

(V[1],Jo[1],Ji[1]) given by 

Ml] ^ Jo-^^Jo-ainf^V (44) 

Ji [1] = ^1 - Jgx + ^ix = -h- Jox + 9^ In ipi , (45) 

the one- fold (modified) Darboux transformation under which ([6|) is covariant. Following the discussion of the last 
section, the two-fold Darboux transformation of the set (■0, Jo, Ji) can be constructed and is given by 

^i^^ - m-j^im)x-Wr¥\^ (46) 

Jo[2] . Jo[l] - ain [-^J^) -Jo -din (^ ^(^^^^^) ) , (47) 

Ji[2] = .Ml]-Jox[l]+d^ln^^2[l]-Ji-2Jox + dHnW{^Pi,4'2), (48) 

where "0^ with i = 1, 2 denote solutions of the linear system (|6|) corresponding to the eigenvalues Xi and the Wronskians 
are defined in (gH and ([M]) . 

The (modified) Darboux transformation can be iterated A^-times to obtain the iV-fold Darboux transformation of 
the set (V', Jo, Ji) which has the form 

= ^l^^'-^;-'^^'-^). , (49) 

W{llJlx,W2x,- ■ ■,iPNx) 
T FAn T ^1 f^i'4^1x,-4^2x,---,1pNx)\ .f-^x 

V M^(01,-02,-.-,'0Af) / 

MN] = Ji-7VJo, + 92lniy(V;i,V2,-.-,0Ar), (51) 



with the Wronskian defined in (|26l) . From ([25]) as well as ((5T|) it follows that in either case the multi-soliton solutions 
can be expressed in terms of Wronskians. 

Following the connection between the scalar and matrix descriptions for the TB hierarchy [131, we can now define 
the modified Darboux transformation for the matrix wavefunction '5 of the linear system (jH]) or pH)) . In fact, the 
generic form of the transformation in this case can be written as (compare with p9l) and (l38l) ) 

*'(a;,i;A,Ai) = ^(a;, t; A, Ai)*(a;, i; A) = (l - M^^S) *(x, t; A), (52) 

where M has the form given in pop or p4p depending on the matrix description. The transformation of the (gauge) 
potentials continues to be given by p3p or p5p for the covariance of the linear matrix equation and this leads explicitly 
to EOl) and fiB. 



V. EXPLICIT ONE SOLITON/KINK SOLUTIONS 



We can now calculate explicitly the one soliton/kink solutions of the TB system ([Ij , using the Darboux transfor- 
mations. For example, we note that with the seed (trivial) solutions Jq = and Ji — 0, the linear system has the 
general solution of the form 



ip{x,t;X) = a + 6p/(^-^*), 
where a, b are constants and A is the spectral parameter. It follows now that 

and the modified Darboux transformations ((44]) and (|45|) lead to 

Aifl 



Ml] = 



Xlb 



At x-Xit 



be 



(53) 
(54) 

(55) 
(56) 



The solutions of the TB equation in (f55|) and (|56|) can be plotted, say for example for Ai = l,a = 1, 6 = 2, and are 
shown in Fig. [T]and Fig. [2] respectively. We see that the solution (|55|) for Jq represents a one kink solution (Fig. [1]) 
while the solution (I5B1) for Ji corresponds to a one soliton solution (Fig. [5]). 




-0.75 



FIG. 1: One kink solution Jo[l] of the TB system given by equation (I55|l with Ai = 1, a = 1, & = 2. 

This soliton/kink behavior of the solutions is manifest analytically for a = 1 and fo = 1 in which case ([SS]) and ([56 
take the forms 



Ml] = -y + ytanh^^^ 



7 ni ^1 ,2/^12; -Aft 
Ml] = ysech ( 



(57) 
(58) 



These particular solutions (ISTl) and (1551) coincide with the solutions of the TB system obtained in [M|-[i9 through 
Hirota's method. We note here that we can also construct soliton/kink solutions of the TB equation using (I^Ul) and 
^. However, in this case, these solutions would only be for the variable Ji. 




FIG. 2: One soliton solution Ji[l] of the TB system given by equation (|56p with Ai = 1, a = 1, 6 = 2. 

VI. CONCLUDING REMARKS 

In this paper we have studied the Darboux transformations for the TB hierarchy both in the scalar as well as the 
matrix descriptions of the linear equation. While the Darboux transformations have been extensively studied within 
the context of AKNS systems based on SL{2,R), this is the first model where the symmetry group corresponds to 
SL{2,R) (g) U{1). The relation between the scalar and the matrix descriptions in the present case implies that the 
generic form of the Darboux transformation in the matrix case is different for the TB hierarchy. We show that the 
conventional Darboux transformation is quite restricted in this case in the sense that one of the dynamical variables 
remains inert under the transformation. We construct a modified Darboux transformation which has a richer structure 
and allows for change in both the dynamical variables of the theory. We show that in both the conventional as well as 
the modified Darboux transformations, the iV-fold transformations (multi-soliton solutions) can be expressed in terms 
of Wronskians. We have constructed explicit one soliton/kink solutions for this model using the modified Darboux 
transformation. The generalization of these results to the case of supersymmetric TB hierarchy is currently under 
study. 
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